ABSTRACT If the α effect plays a role in the generation of the Sun's magnetic field, the field should show evidence of magnetic helicity of opposite signs at large and small length scales. Measuring this faces two challenges: (i) in weak-field regions, horizontal field measurements are unreliable because of the π ambiguity, and (ii) one needs a truly global approach to computing helicity spectra in the case where one expects a sign reversal across the equator at all wavenumbers. Here we develop such a method using spin-2 spherical harmonics to decompose the linear polarization in terms of the parity-even and parity-odd E and B polarizations, respectively. Using simple one-and two-dimensional models, we show that the product of the spectral decompositions of E and B, taken at spherical harmonic degrees that are shifted by one, is a good proxy of the magnetic helicity. We then apply this method to the analysis of solar synoptic vector magnetograms, from which we extract a pseudo-polarization corresponding to a "π-ambiguated" magnetic field, i.e., a magnetic field vector that has no arrow. We find opposite signs of the global helicity proxy for spherical harmonic degrees larger or smaller than around 10, which corresponds to an effective wavenumber of around 0.014 Mm −1 . We argue that our global two-scale helicity proxy constitutes a new powerful measure that is worth applying routinely and over many more synoptic vector magnetograms. It might also be applicable to stellar and Galactic polarization data.
1. INTRODUCTION The magnetic field of the Sun and other late-type stars is known to have, on average, opposite signs of magnetic helicity in the northern and southern hemispheres (Seehafer 1990; Pevtsov et al. 1995) . There is also the possibility of the field being bihelical (Blackman & Brandenburg 2003 ) with a sign change of the magnetic helicity at large length scales. To detect this in the Sun, one would need to measure spectra of magnetic helicity, but this is made complicated by the fact that the solar surface also displays the systematic north-south variation with opposite signs in the two hemispheres. To capture this, a global approach must be adopted that takes the systematic north-south variation into account. This is done by utilizing what is called a two-scale approach (Roberts & Soward 1975) . Here, one scale is that of the large-scale hemispheric modulation, and the other is the scale of the turbulence, which in itself comprises an entire range of length scales. In that approach, one can compute a spectrum covering both north and south, while taking a systematic north-south variation into account as if both hemispheres looked just like the northern hemisphere (Brandenburg et al. 2017, hereafter BPS) .
The problem with the standard two-scale approach is that it is only a semi-global one. It is still Cartesian when the solar surface magnetic field is represented in the Lambert cylindrical equal-area projection. In a proper global approach, by contrast, one would need to employ a spherical harmonics decomposition, but this must be done in such a way that the systematic north-south variation can still be taken into account.
In this paper, a simple heuristic modification to the usual spherical harmonics spectra is being proposed. It is based on the idea that in the semi-global two-scale approach, the helicity spectrum is computed as the product of the magnetic field and its vector potential at wavenumbers that are offset for the two fields by a small amount that corresponds to the wavenumber of the large-scale hemispheric modulation. Analogously, for spherical harmonics spectra, one should consider the product of the two terms at spherical harmonic degrees that are shifted by one. This idea is then adapted to analyzing also the parity-even and parity-odd contributions to the linear polarization (Kamionkowski et al. 1997; Seljak & Zaldarriaga 1997) . The reason for using such a decomposition is that there are large uncertainties owing to the π ambiguity of the magnetic field in weak-field regions of the Sun. This ambiguity reflects the fact that polarization "vectors" have neither head nor tail.
Various disambiguation procedures are available (Sakurai et al. 1985; Georgoulis 2005; Hoeksema et al. 2014; Rudenko & Anfinogentov 2014 ), but they tend to fail in regions far away from sunspots. To avoid any bias, the random disambiguation method is often employed (Liu et al. 2017) . It is then clear that any magnetic helicity derived from such a randomly disambiguated magnetic field may itself be random and would therefore be unreliable.
A possible way out of this problem of obtaining a qualitative measure of the Sun's magnetic helicity from π-ambiguous magnetic fields is to work directly with the original linear polarization. This has already been attempted by determining the rotationally invariant parity-even and parity-odd contributions, or E and B polarizations, respectively, from the Stokes Q and U parameters (Brandenburg et al. 2019, hereafter BBKMR) . This decomposition yields a field that is parity even, i.e., statistically mirror symmetric, and another one that is parity odd, i.e., statistically mirror antisymmetric (Kamionkowski et al. 1997; Seljak & Zaldarriaga 1997) . The relevant diagnostic quantity is usually the cross correlation of the spectral representations of E and B (Kahniashvili & Ratra 2005; Kahniashvili et al. 2014; Bracco et al. 2019) .
Attempts to analyze solar E and B polarizations have not yet produced a nonvanishing cross correlation (BBKMR). However, this could be caused by their method still being provisional in that only a semi-global approach was used to deal with the fact that the sign of the cross correlation is systematically different in the northern and southern hemispheres. It was always clear that a proper analysis should involve a decomposition into spherical harmonics. More precisely, the linear polarization parameters Q and U must be decomposed into what is known as spin-2 spherical harmonics, which have the appropriate transformation properties for linear polarization (Kamionkowski et al. 1997; Seljak & Zaldarriaga 1997) ; see Durrer (2008) for a textbook on the subject. While this method is now routinely used in cosmology using data from the Planck satellite (Planck Collaboration results XI 2018), it has not yet been adapted to the case where one expects there to be a global sign change of magnetic helicity about the equator. In that case, we employ the spherical harmonics decomposition of E and B, which yieldsẼ ℓm andB ℓm , respectively. We then compute their product at spherical harmonic degrees that are shifted by one, i.e., we computeẼ ℓmBℓ+1 m . We also computeẼ ℓmBℓ−1 m , which we find to be a better proxy of the expected magnetic helicity spectrum than the former one.
The work of BBKMR suffered from another problem in that the publicly available polarization data were not cleaned and corrected to the same extent as those finally used to compute the Sun's magnetic field (Hughes et al. 2016) . For example, the quality of the images varied across the solar disk. Furthermore, proper line fits to solar atmosphere models have not been performed. Therefore, there is a possibility of small shifts in frequency that could affect the resulting Q and U signals. In particular, the magnetic field can have different strengths at different depths, giving rise to more complicated spectral line profiles that are usually fully accounted for in the inversion pipelines (Hoeksema et al. 2014 ), but they were ignored in the more rudimentary analysis of BBKMR. A legitimate way out of this additional problem is to use the full solar magnetic field inversion along with its questionable disambiguated magnetic field and make it ambiguous again! We can do this by computing a synthetic (or pseudo) linear polarization from the horizontal magnetic field. Such work is already in progress (A. Prabhu, in preparation), but it is still local and constrained to finite patches in one hemisphere, as was done in the works of BPS and Singh et al. (2018) . Here, by contrast, we employ a novel analysis using spin-2 spherical harmonics to compute a global cross correlation spectrum.
We begin by testing the global two-scale approach and its ability to extract a unique spectrum by using data from both hemispheres at the same time. In Section 2, we first construct simple axisymmetric fields to study the effects of a global sign change of the magnetic helicity. In Section 3, we consider nonaxisymmetric magnetic fields to verify the numerical approach. In Section 4, we use synoptic magnetograms from Carrington rotations (CRs) 2161 to 2163, for which a semiglobal helicity spectrum was previously determined (BPS). We conclude in Section 5 with the broader implications of the present work.
2. AN AXISYMMETRIC EXAMPLE 2.1. Representation of the magnetic field It is useful to begin with a simple example that is similar in spirit to the one-dimensional example used in BPS (see their Figure 1 ), where the magnetic helicity density shows is sign change in the middle of the domain. For this purpose, we restrict ourselves to an axisymmetric magnetic field, which can be written in the form
where r and θ are radius and colatitude, a φ (r, θ) is the toroidal component of the magnetic vector potential, and b φ (r, θ) is the toroidal component of the magnetic field itself. The proper expansion of a φ and b φ is in terms of the associated Legendre polynomials P 1 l (cos θ) as
where N ℓ determines the truncation level. The two horizontal magnetic field components on the surface of the sphere are then given by
Even ifã ℓ (r) were independent of r, the values of b θ would be finite because of the r factor under the derivative. However, at the surface (r = R, say), it is more likely thatã ℓ (r) decays with r as a power law, for example like r −(ℓ+1) , as it would, if the exterior magnetic field was a potential field. In such a case, b φ would normally vanish, but this will not be assumed here, because then the magnetic field would have vanishing helicity. Specifically, we are interested in a field with globally antisymmetric magnetic helicity, so we assume that b φ remains finite at r = R.
Opposite helicities in the two hemispheres
In BPS, we constructed a magnetic field with globally antisymmetric helicity by having the two horizontal field components with a relative wavenumber shift that corresponds to the scale of the latitudinal variation of the magnetic helicity. In the present case, this corresponds to the two components having an ℓ value that is different by one, e.g.,
Analogous to BBKMR, we compute the complex linear polarization at r = R as
where ǫ 0 is the emissivity, which is here assumed to be constant. To conform with standard convention (see, e.g., Kamionkowski & Kovetz 2016) , we have here omitted a minus sign in front of ǫ 0 that was included in BPS and BBKMR to account for the fact that the polarization is related to the electric field, which is at right angles to the magnetic field. Evidently, a sign swap of the horizontal magnetic field leaves Q and U unchanged, reflecting once more the π ambiguity in this construction. 
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(1/4) 5/π sin θ(1 ∓ cos θ) 2 e ±2iφ 3 0 (1/4) 105/2π sin 2 θ cos θ 4 0 (15/4) 9/10π sin 2 θ[1 − (7/6) sin 2 θ] 4 ±3 (1/4) 63/2π sin θ(1 ∓ cos θ)[(1 ∓ cos θ)/2 − sin 2 θ]e ±3iφ 2.3. Spin-weighted spherical harmonics Next, we decompose p(θ) into spin-weighted spherical harmonics (Kamionkowski et al. 1997; Seljak & Zaldarriaga 1997) . The following expressions readily apply to the nonaxisymmetric case where the complex polarization also depends on longitude φ, i.e., p = p(θ, φ). The spin-weighted spherical harmonics are computed as (Goldberg et al. 1967 )
where
is a normalization factor,
are polynomials of x and y/x, and
is yet another normalization factor, where the binomials are defined to be zero when either of the arguments or their difference is non-positive. In Table 1 , we list a few selected spin-2 spherical harmonics.
2.4. Spin-2 spherical harmonics decomposition We now compute the spin-2 spherical harmonics representation of E + iB in terms of Q + iU as (Kamionkowski et al. 1997; Seljak & Zaldarriaga 1997; Durrer 2008; Kamionkowski & Kovetz 2016) 
The spatial dependencies of E(n) and B(n) are given by
where n is the position vector on the surface of the sphere. It turns out that for a magnetic field given by Equation (5), finite values ofẼ ℓ are only obtained for even values of ℓ, while finite values ofB ℓ are only obtained for odd values of ℓ. In Figure 1 , we show the θ dependence of the components of the two surface components of b, as well as the fields (Q, U ) and (E, B) for several values of ℓ.
In Figure 1 , we also show a φ , which is just b θ /ℓ, where the ℓ factor comes from the r derivative in Equation (3) and the fact thatã ℓ (r) ∝ r −(ℓ+1) . This demonstrates that, in this example, positive contributions to h = 2a φ b φ come from π/2 ≤ θ ≤ π, i.e., from the southern hemisphere. Negative contributions come from the northern hemisphere. This corresponds to what is seen on the Sun for the small-scale field, i.e., the field with k > 0.1 Mm −1 . We emphasize here that the corresponding scale, 2π/0.1 Mm −1 ≈ 60 Mm, is obviously not small by absolute standards, but it is small relative to the large-scale field of the Sun that manifests itself through the 11-year cycle and the hemispheric antisymmetry of the mean toroidal field.
To distinguish the spherical harmonic degree of the magnetic field from those of the polarization, we denote the former with a prime as ℓ ′ . The magnetic helicity of an axisymmetric magnetic field is given by H = h(θ) sin θ dθ, where h = 2a φ b φ is the magnetic helicity density. In order to have negative (positive) contributions to H from the northern (southern) hemisphere, we now choosẽ
for selected values of ℓ ′ . Thus, for ℓ ′ = 1, for example, we have a 1 = −1 and b 2 = 1 as the only two nonvanishing coefficients, so b θ = P 1 1 (cos θ) = − sin θ and b φ = P 1 2 (cos θ) = −3 sin θ cos θ.
In Tables 2 and 3 , we list the two-scale polarization spectra
respectively, for different values of ℓ ′ . In all cases, the average of h(θ) vanishes, so to get a sense of the strength of helicity, we list in Tables 2 and 3 the rms value, h rms . We see that h rms increases only mildly with increasing values of ℓ ′ . By contrast, the extrema ofẼ ℓBℓ+1 andẼ ℓBℓ−1 increase much faster. The maxima of both quantities occur for ℓ = 2(ℓ ′ + 1). An exception isẼ ℓBℓ+1 for ℓ ′ = 2, where the maximum occurs still at ℓ = 2. Also, it is important to note that the maximum ofẼ ℓBℓ−1 is much sharper in comparison to the lower ℓ values than that ofẼ ℓBℓ+1 . For this reason, we focus our analysis later on the former quantity to characterize the spec- trum of magnetic helicity, because it serves as the sharpest proxy of the magnetic helicity. Also,Ẽ ℓBℓ+1 has the opposite sign for ℓ ≥ 6.
Possible improvements
Our approach in defining K ± ℓ has been heuristic. We have already seen that K − ℓ is a better proxy for the magnetic helicity than K + ℓ , but there is clearly some "cross talk" in that for each value of ℓ ′ , there is always an additional (negative) contribution at ℓ = 2ℓ ′ , in addition to the dominant (positive) contribution at ℓ = 2(ℓ ′ + 1); see Table 3 . For ℓ ′ = 2, for example, the dominant contribution is at ℓ = 2(ℓ ′ + 1) = 6 with K − 6 = 1.173, but there is an additional contribution at ℓ = 2ℓ ′ = 4 with K − 4 = −0.052. This may suggest that an improved measure of the handedness of solar surface magnetic fields could involve a combination of terms of the form
where the c δℓ are suitable coefficients, and the hat onK In Figure 2 we show the dependences of K 
NONAXISYMMETRIC EXAMPLES
3.1. Two-dimensional patterns of E and B We now consider two-dimensional examples in the (φ, µ) plane, where µ = cos θ. Analogous to earlier work, we consider the magnetic field (b φ , b µ ) ≡ (b φ , −b θ ) to be given by b = F + G, where
The complex linear polarization is then computed as p = (b φ + ib θ ), where we recall the absence of the minus sign, which follows then standard convention; see, e.g., Figure 6 of Kamionkowski & Kovetz (2016) . Following BBKMR, we consider four combinations, namely (f 0 , g 0 ) = (1, 0), (0, 1), and (1, ±1). In Figure 3 , we show the result for ℓ = 4 and m = 3. All quantities are plotted as a function of φ and µ = cos θ. This corresponds to the Lambert azimuthal equalarea projection. We recover familiar structures corresponding to a star-like and ring-like features for negative and positive E polarizations and swirly outward clockwise and counterclockwise patterns for negative and positive B polarizations.
3.2. Formulation in terms of superpotentials Nonaxisymmetric magnetic fields can no longer be expressed in a form analogous to Equation (1), but we must instead employ the superpotentials S and T in the form
The first part corresponds to the poloidal field and the second to the toroidal field. The two superpotentials are expanded in terms of spherical and harmonics, so
with the inverse transformation given by As in Section 2.1, we assume that the radial dependence of S ℓm (r) is proportional to r −(ℓ+1) . This implies that
We can then write
Note in this connection that for axisymmetric models, b φ and b θ are related to Y ℓm (n) via θ derivatives. This shows that the reason for having expanded a φ (θ) and b φ (θ) in Equation (2) in terms of P 1 ℓ (cos θ) is that the θ derivative of the Legendre polynomials gives dP ℓ (cos θ)/dθ = P 1 ℓ (cos θ). The formulation given by Equations (22) and (23) agrees with that given by Equation (16), provided we replace
This formulation suggests that the nonaxisymmetric generalization of Equation (5) is given by
can be used as a new global measure of the magnetic helicity spectrum. In the following, however, we use H ± ℓ ′ m ′ only to set the amplitude of a single mode. For the observational data, by contrast, owing to the π ambiguity, we use the aforementioned analogous measure based on the E and B polarizations.
Hemispheric helicity modulation
In the examples considered above, either E or B was zero; see the gray sub-panels in the split representation of Figure 3 . We now consider examples where both are nonvanishing. Specifically, we reconstruct examples where
is nonvanishing. As noted in the previous section, we do this by using fields where
is a constant. The result is shown in Figure 4 , again for ℓ = 4 and m = 3. We see that E is always symmetric about equator and B is antisymmetric about the equator. The product EB is therefore antisymmetric about the equator, which reflects the opposite signs of magnetic helicity in the two hemispheres.
APPLICATIONS TO SOLAR SYNOPTIC VECTOR

MAGNETOGRAMS
As in BPS, we now apply the global two-scale approach to solar synoptic vector magnetograms. As alluded to in the introduction, we use "π-ambiguated" magnetic fields expressed in terms of pseudo-polarization data. Thus, we only utilize the two horizontal components, b θ and b φ , to compute the complex linear polarization p(θ, φ) = (b θ + ib φ )
2 . The emissivity prefactor of Equation (6) has been set to unity, because in the following, we only work with normalized spectra. We then computeẼ ℓm andB ℓm and study the spectrum K − ℓ ; see Equation (27) . We normalize the EB correlation as in BBKMR and write it as
It is useful to define L 2 = ℓ(ℓ + 1) and plot c S and c A not just versus ℓ, but also versus the effective wavenumber k = L/R.
Following BBKMR, we also compute the normalized spectra of the E or B polarizations as
This quantity varies between −1 and +1. It vanishes when E and B polarizations have the same amplitude, and it is 1/3 if the amplitude of the E polarization is twice that of the B polarization, as was found in the recent dust foreground measurements (Planck Collaboration Int. XXX 2016; Planck Collaboration results XI 2018).
As in BPS, we use the combined synoptic vector magnetograms of three CRs, 2161, 2162, and 2163. They are based on the full-disk vector magnetograms obtained from the Helioseismic and Magnetic Imager on board the Solar Dynamics Observatory and have been processed by Yang Liu 1 (Stanford). In Figure 5 , we show c S and c A both for the full data set of all three CRs and also separately for CRs 2161, 2162, and 2163. In contrast to our earlier semi-global analysis, c S is now different from zero for ℓ ≤ 10, corresponding to L/R ≤ 0.014 Mm. Furthermore, c A shows negative values for similar ℓ values and is mostly positive for larger values of ℓ. To have an estimate of the uncertainty of our results, we also plot them separately for each of the three CRs. Those results are broadly consistent with those of the full data set. The tendency of obtaining positive values of c S at ℓ < 10 is also seen individually for CRs 2161 and 2163, while for CR 2162, there is an outlier at ℓ = 3. By contrast, the tendency of obtaining negative values of c A for ℓ < 10 is seen for CRs 2161 and 2162, but there is an outlier CR 2163 at ℓ = 4. However, for ℓ = 6 and 8, all three data sets give the same (negative) sign.
To assess the possible importance of neighboring terms in Equation (15), we show in Figure 6 the results for both c S and c A , where we have chosen c 0 = c 1 = 1, and zero otherwise.
It turns out that the difference to Figure 5 is minor in this case. Especially the strong departures from the full data set for CRs 2162 and 2163 are still present.
CONCLUSIONS
This work has addressed two critical issues in the calculation of a proxy of solar magnetic helicity spectra: the π ambiguity and the systematic north-south sign change of magnetic helicity. The problem of the π ambiguity has been addressed previously (BBKMR) by calculating the EB cross correlation, which was shown to be a proxy of magnetic helicity under inhomogeneous conditions. The problem of the systematic north-south variation has also been addressed previously, but only in a semi-global fashion; see BPS. Here, we have generalized this approach to a fully global one by first calculating the parity-even and parity-odd E and B polarizations using spin-2 spherical harmonics, and then correlating them at spherical harmonic degrees that are shifted by one relative to each other. This approach is analogous to what was done in the semi-global Cartesian approach of BPS. However, unlike the semi-global Cartesian formalism, the present one is heuristic and has not been derived rigorously from a correlation function that depends on mean and relative coordinates; see Roberts & Soward (1975) . It is not entirely obvious that this is even possible, but if it is, the result may well look similar to what has been proposed here. Our work has demonstrated that the correlationẼ ℓmBℓ−1 m is a good proxy of the magnetic helicity, which itself is characterized byS ℓmTℓ+1 m .
In the quest for finding clear evidence of an opposite sign of magnetic helicity at large length scales, one has to tackle the problem of the π ambiguity in the weak-field regions that occupy the majority of the solar surface. A standard approach to π disambiguation in those regions is the random disambiguation, which is problematic and may have been responsible for the relatively low spectral power at wavenumbers around and below 0.03 Mm −1 (Singh et al. 2018) and also for what looked like a random sign in the resulting magnetic helicity at those wavenumbers. In fact, the present results now suggest that there is a reasonably clear signal at those wavenumbers.
Our results show that in the northern hemisphere, where the small-scale magnetic helicity is negative,Ẽ ℓmBℓ−1 m is positive. Likewise, the large-scale field is expected to have positive magnetic helicity in the northern hemisphere and E ℓmBℓ−1 m is now found to be negative. Thus, our proxy has the opposite sign to the magnetic helicity. Although this formally agrees with what was found based on the numerical simulations of BBKMR, it actually disagrees, because the sign convention of the B polarization in the present paper is opposite of that of BBKMR; compare Figure 3 with Figure 2 of BBKMR. On the other hand, turbulent downdraft (or some other characteristic features in the flow), may correspond to either positive or negative values of E, depending on the properties of the particular system. Therefore, the sign of EB relative to that of magnetic helicity depends on the nature of the turbulence at the solar surface. BBKMR did not use realistic solar convection, but just some fairly generic model of rotating convection. It is worth noting that A. Prabhu (private communication), after accounting for the different sign convention of B, found a sign for EB that agrees with what is found in the present work, but it disagrees with that of BBKMR. His results therefore support the validity of the present findings.
Let us finally comment on the absence of a clear EB signal in work of BBKMR. First of all, their results are much more noisy, but in hindsight not so dissimilar from the present ones, even after taking the different sign convention of B into account. Tentatively, they found values at small and large length scales that agree with ours. However, the main reason for their noisy result lies probably in the fact that their linear polarization data were too contaminated by other factors, as was already discussed in BBKMR.
In summary, the present approach combines the best aspects of both worlds. It uses the elaborate inversion technique of spectropolarimetry to obtain the magnetic field, but it discards the problems associated with the π ambiguity. What is perhaps unsatisfactory, however, is the fact that the lineof-sight magnetic field (b ) is not used at all in our present approach. No corresponding idea has yet been proposed that would combine these two pieces of information. Simply correlating b with E or B may not yield anything useful because in simple patterns such as those of Figure 3 , the wavelength of b is always twice that of E or B, so it would lead to a cancelation. This is because E and B are related to the square of the magnetic field. Therefore, the wavelengths of E and B would agree with that of b 2 , but then the potentially useful information implied by the sign of b is lost. So, it is not obvious what to do with b in this context.
One may wonder whether the global two-scale helicity proxy can be used beyond solar physics. The answer is probably yes, if one thinks about the technique of Zeeman Doppler imaging of stellar magnetic fields; see, e.g., Donati et al. (1997) . Likewise, the magnetic field our own Galaxy may also be subject to such an analysis (Jansson & Farrar 2012) . We therefore expect that these points provide exciting opportunities for future work.
